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Abstract 

We apply differential renormalization method to the study of three- 
dimensional topologically massive Yang-Mills and Chern-Simons theo- 
ries. The method is especially suitable for such theories as it avoids the 
need for dimensional continuation of three-dimensional antisymmetric 
tensor and the Feynman rules for three-dimensional theories in coordi- 
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nate space are relatively simple. The calculus involved is still lengthy 
but not as difficult as other existing methods of calculation. We com- 
pute one-loop propagators and vertices and derive the one-loop local 
effective action for topologically massive Yang-Mills theory. We then 
consider Chern-Simons field theory as the large mass limit of topologi- 
cally massive Yang-Mills theory and show that this leads to the famous 
shift in the parameter k. Some useful formulas for the calculus of dif- 
ferential renormalization of three-dimensional field theories are given in 
an Appendix. 

PACS: 03.70, 11.15. B, 11.10. G 

Keywords: Differential regularization, Short- distance expansion, Local effective 
action. Finite renormalization 

I. INTRODUCTION 

The differential renormalization (DR) method was proposed by Freedman, John- 
son and Latorre to deal with the ultraviolet divergences of quantum field theories 
few years ago. Its original idea came from the observation that primitively diver- 
gent amplitudes are well defined in coordinate space for non-coindent points, but 
too singular at short distance to allow a Fourier transform into momentum space. 
They proposed to renormalize such an amplitude by first writing its singular parts 
as derivatives of some less singular functions that have well defined Fourier transfor- 
mations, then performing Fourier transformations of such functions and discarding 
the surface terms. This idea is clearly illustrated when one applies it to the one-loop 
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4-point bubble graph of massless 0^ theory in 4- dimensional space-time. As we know, 
the amplitude of this graph involves the function \jx^ that is singular at x = 0, 
corresponding to an ultraviolet divergence. To realize its differential renormalization 
we follow ref. and use the identity, 

The function ln(x^M^)/x^ has a well defined Fourier transform 47r^ ln(p^/M^)/p^, 
where M = M/7 and 7 is Euler's constant. After discarding the surface term we are 
left with — 7r^ln(p^/M ) as the regulated Fourier transform of 

The DR method has been applied to many cases including massless 0^ theory 
up to three-loop order one- loop massive 0"^ theory 0, supersymmetric Wess- 
Zumino model up to three loops |^, Yang-Mills theory in background field method 
up to one-loop QED up to two loops and low dimensional Abelian gauge 
theories to one- loop ||5[ . Its relation with the conventional dimensional regularization 
in some theories [§,0 and compatibility with unitary have been investigated 
and it has been shown to be simpler and more powerful than other regularizations in 
many cases. 

In this paper we shall use the DR method to study the perturbative three dimen- 
sional topologically massive Yang-Mills theory (TMYM) and Chern-Simons theory 
(CS) which, as will be shown, it is especially suited for. 

The action of TMYM |^, which is obtained by adding to the standard non- 
Abelian gauge action, the Chern-Simons term, can be written in Euclidean space 
as, 

= -z A ^ [lA^.d.A; + l^r^^A^AlA'^^ + ^ I F^^^F'^- , (2) 
where the integration / . J d^x is over the whole R^. The first term, i.e., the 
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Chern-Simons term, exists only in three dimensions. It is easy to see that under a 
gauge transformation U the action transforms as 

Sm Sm — 2'KikSwZ , 

As it is well known, the Wess-Zumino term Swz takes integer value, so the theory 
is expected to be gauge invariant at the quantum level when k takes integer value. 
At the same time, an interesting property of Sm is that the gauge excitations are 
massive, with mass m. This property exits only in three dimensions and is not shared 
by other dimensions. 

The perturbative property of TMYM was studied in ||, ^ , where it was pointed 
out that the computations involved are not trivial and require diligence. In our view, 
dimensionality plays an important role in defining three-dimensional TMYM because 
much of the topological properties of the theory are derived from the properties of 
three dimensional antisymmetric tensor e^'^'^ . A calculation without using dimensional 
continuation is therefore called for. We are furthermore motivated to study the theory 
with DR by the fact that in three dimensions, propagators of TMYM in coordinate 
space have analytic forms that are particularly suited for the application of this 
method. 

During the past several years a number of studies of perturbative Chern-Simons 
theory have been carried out using a variety of regularization schemes including: 
higher covariant derivative (HCD) combined with generalized Pauli-Villars regular- 



ization [TO; HCD combined with dimensional regularization |11, 12|; operator reg- 



ularization |13|; r] function regularization [14|; geometric regularization [15| and 
Feynman propagator regularization [|l^ . Especially recently an understanding on the 
perturbative behaviour of CS from supersymmetric Yang- Mills- Chern-Simons theory 



has appeared [|T^ and a more strict mathematical treatment from the geometric view- 



point has been discussed in ref. |T8|. From these studies there emerges the so-called 
fc-shift problem in three-dimensional CS, which is concerned with whether quantum 
correction change the value of the parameter k. It appears that whether the value of 
k shifts or not depends on the regularization scheme |T^,|2D|, - some of the calcula- 



tions in these studies showed the /c-shift while others did not. In ref. an analysis 
shows a family of shift can be generated, which depends on the parity property of the 
regulator. 

As we know, Chern-Simons action is just the first term in Eq.(^. Obviously we 
can consider TMYM as a partially (high covariant derivative) regulated version of CS 
or, alternatively, CS as the large mass limit (m-^oo) of TMYM [0. So a calculation 
of the perturbative property of three-dimensional TMYM yields a study of the k -shift 
problem of three-dimensional CS as a by-product. Our result confirms the existence 
of fc-shift and coincides with the case of scalar regulators of ref. ||19|| . 

This paper is organized as follows. In section II we present the Feynman rules of 
TMYM in coordinate space. Section III is devoted to explicit calculations of one-loop 
amplitudes needed for the computation of one-loop local effective action, where we 
have obtained ghost self-energy, vacuum polarization tensor and gauge boson-ghost- 
ghost vertex. In Section IV Slavnov- Taylor identity is explicitly derived and used 
in combination of results from Section III to determine the one-loop local effective 
action. In section V, as an example demonstrating the usefulness of formulas given 
in Appendix, we give a result for the self-energy of gauge field in three-dimensional 
QED. In section VI, we discuss and summarize the results. Some formulas utilized in 
the calculation are given in the Appendix. These formulas should also be useful for 
DR calculations of other low- dimensional field theories. 
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II. FEYNMAN RULES IN COORDINATE SPACE 



By defining g'^ = 47c/\k\ and rescaling A A/g, we rewrite TMYM action (1) as 
Sm = -I sgn(fc) e^^^ i^-A^d^A^ + ^^gP"^ A^A^A^ + ^ |^ , (3) 

whose corresponding BRST invariant action in the Landau gauge is 

S\A, c, c, B,m] = Sm+ f [d^c^D^c^ + B'^d^A^''] . (4) 



The BRST transformation of the fields are 



Sc"" = -^gr'"'c^c% (55" = 0. 



(5) 



Here we choose the Landau gauge because of its good infrared behavior 0. For a 
pure Chern-Simons field theory, the Landau vector supersymmetry pO|, [23|, , 



v^Al = isgn{k)ey^pdPc'' , v^c" = , 

(6) 

VpC'' = Al , v^B^ = -D^c'' , 

which only exists in the Landau gauge, plays a crucial role in the cancellation of the 
infrared divergence. Although the inclusion of Yang-Mills term in TMYM breaks this 
symmetry, it does not ruin the cancellation of the infrared singularity. 
The generating functional can be formally written as 

Z[J, 7], f],M]= J VAVBVcVc exp (^-S - J [j^A""^ + Tfd" + ^if + 5<^M"] ^ . (7) 

Differential regularization works in coordinate space, so we need the Feynman rules 
in coordinate space. Defining 

G-^Xx-y) = <^\T\Al{x)Al{y)\\^>, 
A;^(x-i/) = <0|r[A;(x)5^(l/)]0>, 



K''\x -y) = < Q\T[B\x)B\y)]Q > , 
S'^\x-y) = <0\T[c'^ix)c\y)]\0>, 
< 0\T[A'^,{x)Al{y)A;{y)]\0 > = f f f G%,{x - :^)GZ\y - v')G%,{z - 

Jx' Jy' J z' 

<mAl{x)Al{y)A'^^{z)Ai{w)\Q> = f f f G%{x - x')G%{y - y') ^ 

Jx' Jy' J z' 

<0\T[cyx)-c'^{z)A'^{y)]\0> = [ [ [ S'^'^\x - x')G%,{y - y')S'\z' - z) 

J x' Jy' J z' 

xAir{x',y',z'), (8 
we obtain Feynman rules as follows (Fig. 1), 



G^S''\^-y)^S^'D,,ix-y) 



cab 



(1 _ g-m|x-s/|-j 

47r|x — y\ 



Kf'^\x -y)^ 5^'A,{x -y) = -^''X^^^^ 
Ai^)^\x-y) = 0, 

S^'')^\x -y) = d^^Six -y) = 5"^ ^ 



ATr\x — y\ 
1 



X — u z — u) 



r 



l())abcd I \ 



J u 

A(f)"^^(x, z) = gr'^d; f 6^'\x - u)5{y - u)6{z - u) , 

J u 



(9) 



where the superscript " (0) " denotes free propagators or bare vertices. We can see that 
the propagators given above are much simpler in comparison with their counterparts 
in 4-dimensional massive theories, which are Bessel functions ET . 



III. ONE-LOOP AMPLITUDES 



Now we use DR to to carry out the one-loop renormalization of TMYM. Naive 
power counting suggests that some of the one-loop diagrams should be ultraviolet 
divergent. But as we will show, in some sense, TMYM is essentially a finite theory 
P|. Purely for the purpose of making this finiteness manifest (DR does not require 
it), we introduce a short distance cutoff by excluding a small ball of radius e about 
the origin as in Denote the region — by R^. 

Let us analyze the one- loop ghost self-energy first. Its Feynman diagram is shown 
in Fig. 2. The Fourier transformation of its amplitude is 

(10) 



Here we would like to emphasize that we need to be careful about the positions of 
the partial differential operators in the Feynman rules of (9). By using (9) and the 
formulas in Appendix we have 



(11) 



Writing singular functions at r = in the above integrand as derivatives of less 
singular functions, we get 



-6 



ab d'^^V 



+ 



4^2 Qj. 

where Ei(a;) is the exponential integral function: 



m^Ei(— mr) 
8 



(12) 



Ei(— mr) 



—mr g' 

dt - 

oo t 



(13) 



Particular attentions should be paid to differential operators in (12) when we perform 
the Fourier transformation. For example. 
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Jm 



l-e 



-2 9„e-'^'-^9„ 



1 - e""'^ 



y2 



,1 - e- 
"8r2 



l-e" 



8r2 



(14) 



rnvr 



hp^ / e 



8r2 



where the first term on the right-hand-side is a surface term from the cut-off ball B^. 
Finally, using the formulas in Appendix, we obtain the one-loop ghost self-energy 



167r2 



P 



Tip rri^ m ( p p 
H — 1 I I arctan 



2m p^ 



p \m p 



m 



(15) 



where p=|p|. 

The one-loop gluon vacuum polarization part can be computed in a similar way. 
The proper gluon self-energy is determined by gauge symmetry to have the form: 



Kip) ^ S'^'iUo.^p) +Ue,4p)] 



1 



sgn(p)e^^pPpno(p^) (^nuP"^ -PuPu) ^e{p 



(16) 



where the subscripts "o" and "e" denote parity-odd and parity-even respectively. 
The single ghost-loop contribution to the vacuum polarization tensor (Fig. 3b) is 

g^Cy f _.„_1„1 



tab 



iDTT^m Jm r r 



(17) 



Combining it with the contribution from the singular gluon-loop, we have 



^onuip) = isgn{k) 



g^Cv f 9 



IGtt^ Jr3 



-tp.x 



f BP 



[I - e-"^^)e-"*'' 



+ 



mr 

,2 



;i-e- 

13 



-mr \2 



33 \ 1 

1 — „ —mr I —2mr \ — mr 

4 V ' 2 ^2 ) 2r3 



r 

i sgn{k) 
(- 



g^a 



Y_ 

IGtt^ Jr^^^ 

1 5 
h -e^ 

2 4 



2\2 



^1 - e-"'^)^ 



3e 



-2mr ' 



4 mr^ 



m 

I — re 



3e 



— 2mr 



?Ti^ 3 

e~"^^ Ei(— mr) 

4r 4 



(18) 



Again after performing Fourier transformation we obtain 



no(p' 



V 



167r2 



+ 5-^^ — 1 arctan h - 



p 



P 



m m 



m 



p p^ 



m 



2 



-3^ + 12^ 



m 



p 



p 3 p p m 
arctan rvr — - — vr 1 — + 2 



(19) 



2m 4 m p^ 

The calculation of one gluon-loop contribution to ne(p^) is similar but tedious. The 
result is 

,2 r Q Q 



ne(p^ 



-ip.x 
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m 



167r2 



V 



1 i_iie- + 5,- 

8 4 8 



1 



— m Ei(— 2mr) — 

2 

g-jp.z_y 
m 



m 

- - I — e 



7 

4 
7m 



17^ 



2mr 



167r2 



'V 



1 

m^r^ Vl6 8 
7m 



-2mr 



m 



2r 

3277 



m 



7m^ 
8 


Ei(— mr) 




\' ' ( 


.16 m^r^ 


5 


9 

mr 1 g 


-r~ 
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- m^Eif- 



1 - e-™')2 



— 2mr 



1 /13 



-3e 



-2mr 



, m 



9 p 1 p^ 



Ei(— mr) 



p 



-8— + 24 h-- arctan — h 



p p 



p 2 m 2 m^ ^ 

,2 



m 



2m 



13 5 1 5- arctan h ll^r + v r — 5- + 5 



p 



m m-" 



m 



(20) 



4 m 4 m'^ 

The next step is to construct the local part of the one-loop effective action and to 
demonstrate renormalization explicitly. From general principles we know that 
this construction requires at least one one-loop three-point Green function. Here we 
choose the one-loop vertex Acc, whose Feynman diagrams is shown in Fig. 4. 

The amplitudes, which we know is divergentless from dimensional analysis, can 
be written from Fig. 4 as 

1 



V,^'%pq,r) = ^g-'Cvf 



abc 



-i{p.x+q.y) 



X Jy 



V^^\x,y) + Vi''\x,y) 



(21) 
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where p + q + r — 0. The contribution from Fig. 4a is 

Vi''Hx,y) = iq,dlS{x - y)d;S{x)D,p{y) 

1 



—iQu^-r^df,- — - — :d; 



X 



1 _ e""*^"! 

-isgn{k)e,,^dy - -s^.V' + -dyd^] - (i - e-^y) 

m. m. i y ^ ' 



(22) 



m m 

For our purpose, that is, to construct the local part of the effective action, only the 
zero-momentum limit of this amplitude is needed. 



The amplitude from Fig. 4b can be reduced to 



(23) 



[ [ e'^'^-y^^-^^ [-isgnik)e,.,qxd'^Six-y)DMDA^) 

Jx Jy 



Cv 
2 

--p,qxdlS{x - y)D^MDpx{x) + -iqx&'^Six - y)dlD,^{y)D^{x) (24) 

777- 777- 

--iqxdlS{x - y)dlD,^{y)D,,{x) + -iqxcf,S{x - y)D,,{y)d;D,,{x) 

TTli 777' 

^l-iq,d-^S{x - y)D,MdlD^{x) + ^p,q^dlS{x - y)D,^{y)D^{x) 

which, after a similar analysis and a lengthy calculation yields the zero-momentum 
limit 



«^^(p, g, r) = ^/"^'^--^g^ + . . . . (25) 
From Eqs.(21), (23) and (25), we conclude that one- loop Acc vertex takes the form 



v: 



abc 



+ 



(26) 



This means precisely that Z{Qi) = 1 to one-loop order, Z(0) denotes the Acc vertex 
renormalization constant defined at p^ — 0. In fact this is the correct result to any 
order in perturbation expansion for a gauge theory. 
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IV. ONE-LOOP LOCAL EFFECTIVE ACTION 



Having computed the vacuum polarization tensor, the ghost self-energy and the 
Acc vertex, we are now in a position to derive the local effective action. Our method 
is the same as that used in |[Tl| for Chern-Simons theory. 

We define the generating functional Z[J, rj, f], M, K, L] with the external fields 
and respectively coupled to non-linear BRST transformation products -D^c" and 
_gfabc^b^c^2 as 

Z[J, 7], r/, M, K,L] = J VX exp - [s + J [JIA''^ + r^^c" + ^r]'' 

where X = (A^,i?,c, c). The Slavnov- Taylor identity arising from the BRST trans- 
formation in (5) is 



(27) 



7" 



-r 



6 



0. 



(2^ 



In addition, the invariance of Z[J,ri,fj, M, K, L] under the translations B"-{x) —>■ 
B°-{x) + A"(x), c"(x) —>■ c°'{x) + uj"-{x) leads respectively to the 5-field and anti- 
ghost field equations: 

6 



0, 



Z = 0. 



(29) 



(30) 



Defining the generating functional for the connected Green function W and that for 
the one-particle-irreducible Green function F ( i.e., the quantum effective action) as, 

W[J, r/, r/, M, K, L] = -\nZ[J, r], r^, M, K, L] 

TIA"^, B", c", c", K'^, L"] = WiA"^, B", c'^, K^, L"] - [A^^J^^ + B'^W + ffd" + c^^rf) 

(31) 
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we obtain the actions of the Slavnov- Taylor identity, the S-field and the anti-ghost 
field equations on F: 



6r sr 6r sr 



5 A'"' 6Kf, 5(f 5L°' 



(32) 



(33) 



(34) 



By a re-definition of F: 



F = F + 



Jx 



(35) 



these equations become: 



sr 



6T 6T 6T 6T 



0. 



(36) 



(37) 



The first relation in Eq.(36) means that the re-defined action f is independent of 
-B" and the second relation implies that and always appear in F through the 
combination 



(38) 



Now we introduce the loop- wise expansion for F: 

CO 

r = J2 ^"f ("^^ , (39) 

n=0 

where F*^'^) is the classical effective action without the gauge-fixing term / B'^d^A"^: 

Jx 
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f(o) 



^sgn(A;) / e^'^" [ ^A^d^A; + -gr'^A^^AlA'^ 



(40) 



Atti J X J X V \ 2, J 

Substituting this expansion into Eq.(37) and comparing the coefficients of the and 

terms lead to 



6Af^'' 6Gf, Sd" SL'' 



(41) 



and 



Ar(^) = , 



(42) 



where we have used the relation 



(43) 



A, the linear Slavnov- Taylor operator 
A = 



+ 



5 5m 



Sc" SL"- Sc"- 5L°- 
is the quantum analogue of the classical BRST operator and is nilpotent 



(44) 



A2 = 0. 



(45) 



Now we follow the method of 20| to find the solution to Eq.(42). From the 
requirement of zero ghost-number and mass dimension 3 we determine the general 
form of one-loop effective action to be that* Q 



^Rigorously speaking, the one-loop local effective action given here is not perfect, it 

should contain other (1/m)" (n>l) dependent higher covariant derivative terms such as 

[ F„^(Z)2)"F^'^, —A [ e'^'PG"^ and —A / {L''c''){^c^) etc. They also have cor- 
m^"-+'^J X m J X m J X 

rect mass dimension and ghost number. However since in this section our aim is at the 
large m-limit, we have put these 1/m terms out of consideration 
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r(i) 



-i sgn{k) 

^""'i L ^^-^'^'^'^ + ^ / [/SiG'^M; + /?2^"c''] 
-t sgn(A;)(ai + 2(3,) \t^'^Ald,Al 
-tsgn{k){a, + 3(3,) ^^'"'^ r'^A^A^A; 
+(a2 + 2(3i)^j{d^A'- - d''A^-){d^Al - d^A^) 

+ (a2 + 4/5i)-^ / g^f''^r'^AlAlA^"'A'"^ + (3i f C^d^'c" 

J X J X L 



(46) 



where and /3j are constant coefficients. In comparison with CS |TT],^, we find 
that the formal large-m hmit of above effective action has the same form as that in 
refs. |n, 3D[, i.e., the difference hes only in the mass dependent terms. By using the 
results given in the last section and choosing the renormalization point at \p\ = 0, we 
can determine the values of the parameters as follows: 



g'Cy 



47r ' 327r ' Wn ' 

Thus, up to one-loop the explicit local effective action is: 

^ local - ^ + ^ local 

= + i^a'Cy) [-^sgn(fc)] l^e^'^^ [Ia^.O^A; + l^A'^.AlA 

-A (-r^g'Cv f G^A^^ + / L^A + / B'^d^Al 

\ iOTT J X J X / J X 

+ [-^'Sn(fc)] \f^' ^i^K^uAl + \aIAIA 



/32 = 0. 



(47) 



4m 



327r^ 



(4J 
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Finally the one-loop effective action of CS can be easily obtained by taking the large- 
mass limit m—^oo. Obviously the wave-function renormalization constants are 

Za = Z^' = Z^' = 1- ^g'Cv, Zl = Zc' = 1. (49) 

This result can be cast into /c— shift form, i.e., 

k^k + sgn{k)Cv • (50) 

V. GAUGE FIELD SELF-ENERGY IN THREE-DIMENSIONAL QED 

In the Appendix are given some formulas which are useful for computation in 
the study of any three-dimensional theory in coordinate space. Here, by the way, 
we would like to point out that, as an example, using these formulas we can get the 
one-loop self-energy part for the gauge field in three-dimensional massive QED an 
analytic expression whose integral form was given in ref. 0, 

e2 

^ijip) = [^ijP^ -PiPj) 

—rae^enk arctan , (51) 

^ 27rp 2m' ^ ' 

where the notation is the same as that in ref. [Q. 

VI. SUMMARY 

We carried out the one-loop calculation of the topologically massive Yang-Mills 
theory and Chern-Simons theory in coordinate space using the method of differential 
renormalzation. Our calculation shows that the method is very powerful and is espe- 
cially suited for quantum field theories in three dimensions. The results we obtained 
on TMYM coincide with those of ref. [Q, which used the method of dimensional 
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4m 
p3 



arctan 



2m 



regularization. However, as was pointed out in ref. 0, the calculus of dimensional 
regularization for a theory in three dimensions is subtle and perhaps even problem- 
atic, not least because of the need for a dimensional continuation of the antisymmetric 
tensor ef^^p] it is not known to what extent the calculated renormalization of a field 
theory such as TMYM, whose property is closely tied to the dimension of space-time, 
could be an artifact of this continuation. In differential renormalzation there is not 
such an ambiguity because one does not change the dimension of space-time so there 
is no need for a continuation of the antisymmetric tensor. It is therefore reassuring 
that the two sets of results agree. For Chern-Simons field theory our result shows the 
shift k to k + sgn{k)Cv, which coincides with the case of scalar regulator of ref. ||19|| . 
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APPENDIX A: 



1. Differential formulas 



Defining 



and denoting di — di^ , Xi — etc, we have 

did2 ■ ■ ■ d2nf = (512^34 " " " ^2n-i,2n + permutations)/^") 
+{xiX2S3455Q + permutations) Z^"'*'''^^ 
+(2:1X2X3X4556578 • • • 52n-i,2n + permutations)/ 



did2...d2n+if = {X1S23S45 ■ ■ ■ 52n,2n+i + permutations)/^"+^^ 

+(xiX2X3545 • • • 52n,2n+i + permutations)/^"*"^^^ 

+ --- + (xiX2---X2n+l)/('"+'^ 



Some examples are: 

dif = x,/(i) , 
didjdkf = {xiSjk + XjSki + Xk5ij)f^'^^ + XiXjXkf'^^^ 
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2. Fourier transforms of some functions 



f p—nmx 



Jx X 

,—nmx 



X^ 



2^ 

\P\ 



An 



e — 



4:71 P 

— arctan 

p nm 



Ei(-nmx)e*^-^ = 



Stt 

p3 



TT 1 

— arctan 

4 2 



mn 
P 



1 



mnp 



4p2 -|- 77i2j7,2 



(A5) 



3. Integrals over 



Recall that is excluding a small ball of radius e about the origin. 



JRI p dp 



sin(pe) 



p 



+ ^Pm / e-'P-^f{x) 



(A6) 



sin(pe) 



p 



+47r/(e) 



9 9 



sva.{pe) 



P 



PuPu I e-'P-'^fix). 

IX 



(A7) 



/ e-'^-^'d^d.fix) = -i{A7^)d^f{x) 



d 

'dp^, 



sin(pe) 



P 



+i47TPi^Paef{e] 



d 

dpa 



sin(pe) 
P 



-i47rep^ (x) | ^!^(P^ 
ax p 



Jx 



(A8) 
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d sin(pe) 



vp 



dp^ pe 



1 d 



X dx" 
sin(pe) 1 d 
dpfxdpvdpp pe X dx 



-—fix) 
X dx 



-tpj e-'P-^d,d,f(x). 



4. Short-distance expansions 



d |.sm(pe). 



~ 3" ^ ~3(r 



30 



+ 0{e) 



dpu,dp^ 



sin{pe) 



P 



h ^- — 

3 30 



30 



e 

15 



4 9 

p e 



210 7560 



0{e) 
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FIGURES 

leimnr^ ' hns-^ 




FIG. 1. Feynman Rules 




FIG. 2. Ghost self-energy 




(a) (6) 
FIG. 3. Vacuum polarization tensor 
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